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Abstract
In this paper, the problem of synchronization control is investigated for complex
dynamical networks with discrete intervals and distributed time-varying delays. The
main thing is to design a properly pinning controller, for which the error system of
complex dynamical networks is asymptotically stable. Based on the theory of
Lyapunov stability and linear matrix inequality, the suitable Lyapunov-Krasovskii
functional is constructed in terms of the Kronecker product, and then we obtain a
novel synchronization criterion. Finally, a numerical example is given to illustrate the
eﬀectiveness of the proposed methods.
Keywords: complex dynamical networks; synchronization; mixed mode-dependent
time delays; linear matrix inequality
1 Introduction
Over the past two decades, extensive eﬀorts have been devoted to the research on com-
plex dynamical networks due to their theoretical importance, and practical applications
in various ﬁelds, such as the Internet and World Wide Web, food web, genetic networks,
and neural networks [–].Many of these networks exhibit complexity in the overall topo-
logical properties and dynamical properties of the networks nodes and the coupled units.
It is not surprising that one witnesses a surge of research interest in the analysis of the
dynamical behavior of complex dynamical networks.
An important concern in the research of complex dynamical networks is the synchro-
nization problem, of which the purpose is to design the proper controller to achieve syn-
chronization of the considered complex dynamical networks. Many signiﬁcant advances
on this issue have been reported in the literature; see [–] and the references therein.
In this paper, we study a non-fragile approach [–], the authors of [] investigated the
controlled synchronization for complex dynamical networks with random delayed infor-
mation exchanges, forwhich stochastic variables are utilized tomodel randomly occurring
phenomena. Reference [] investigates the non-fragile synchronization for bidirectional
associative memory neural networks with time-varying delays. The suﬃcient conditions
are derived to guarantee its synchronization based on amaster-slave systemapproach. The
discrete-time complex dynamical networks with interval time-varying delays is studied in
[]. In this paper, the randomly occurring perturbations will be considered, which are as-
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sumed to belong to the binomial sequence. According to the author in [], the complex
dynamical networks are synchronized, by using the sampled-data control method. Pin-
ning sample-data control in [] for synchronization of complex networks has been stud-
ied with probabilistic time-varying delays, by applying quadratic convex approach. The
impulsive control [–] for synchronization of complex networks also is investigated.
Impulsive control [] is applied to the synchronization for complex dynamical networks
with coupling delays. Two types of time-varying coupling delays are considered: the de-
lays without any restriction on the delay derivatives, and the delays whose derivatives are
strictly less than the former. The pinning control [–] is one of the most commonly
used to achieve the synchronization between the nodes. In [], pinning synchronization
of nonlinearly coupled complex networks with time-varying delays is investigated, by us-
ing M-matrix strategies. Through to pinning control all reached the purpose of synchro-
nization, by using diﬀerent methods. For instance, in [], one investigated the pinning
adaptive hybrid synchronization of two general complex dynamical networks with mixed
coupling. Also the authors of [] studied the intermittent pinning control for cluster syn-
chronization of delayed heterogeneous dynamical networks. In this paper, the complex
networks system is a system with non-identical delayed dynamical nodes. By these men-
tioned control methods, pinning control can eﬀectively decrease the number of nodes
causing the system to achieve synchronization. Since pinning control can reduce the con-
trol of nodes, it is very valuable to study the synchronization of a complex dynamical net-
works system via pinning control.
The phenomena of time delays are common in various systems. They exist for the case
the events occur. It is known clearly that time delays can destabilize the behavior of net-
works. Hence, a system with time delays may be complicated and interesting. As is well
known, time delays would degrade the synchronization performance or even destroy the
synchronization. So, the problem of time delays should be introduced in the synchroniza-
tion of complex networks. Furthermore, we have mixed delays including discrete delays
and distributed delays, but themixed time delay can have the eﬀect of more pressure close
to the actual application. There are a lot of papers about the delay of complex network
using diﬀerent methods. For instance in [–], and in [], the authors considered the
synchronization and exponential estimates of complex networks withmixed time-varying
coupling delays. A generalized complex networksmodel involving both neutral delays and
retarded ones is presented. By utilizing the free weighting matrix technique, a less conser-
vative delay-dependent synchronization criterion is derived. In [], delay-distribution-
dependent synchronization of T-S fuzzy stochastic complex networks with mixed time
delays was studied, in which the mixed time delays are composed of discrete and dis-
tributed delays. The discrete-time delays are assumed to be random and its probability
distribution is known a priori. The stochastic nonlinear time-delay system [] is studied.
The purpose of this paper is to investigate the dynamic output feedback tracking con-
trol for this time-delay system with the prescribed performance. The problem of synchro-
nization of T-S fuzzy complex dynamical networks with time delay, impulsive delays, and
stochastic eﬀects is studied in [], based on T-S fuzzy methods and the LMIs approach.
On the basis of the above discussion, we can see that the time delay has very much signiﬁ-
cance for any systems. Therefore, it is signiﬁcant to study the synchronization for complex
dynamical networks system with mixed mode-dependent time delays.
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Inspired by the above discussion, in this paper we deal with the synchronization for
complex dynamical networks with mixed mode-dependent time delays. The main contri-
bution of this paper is summarized as follows: () A more general system was introduced
to solve practical problems. () Suﬃcient conditions were obtained to ensure the complex
dynamical networks synchronization. () The pinning controller is designed to ensure the
complex dynamical networks synchronization. () The design of the control results can be
seen fromFigures -. () The simulation results demonstrate the feasibility of themethod.
The rest of the paper is organized as follows. In Section , the complex dynamical net-
works model is introduced, several assumptions, lemmas, and deﬁnitions are also pro-
posed. The main results of the synchronization on complex dynamical networks are given
in Section . In Section , we provide a numerical example to illustrate the eﬀectiveness
of the obtained results. Conclusions are ﬁnally drawn in Section .
Notation: The notation in this paper is standard. Rn denotes the n dimensional Eu-
clidean space,Rm×n represents the set of allm×n realmatrices. For a real asymmetricma-
trixX andY , the notationX > Y (respectively,X ≥ Y )meansX–Y is semi-positive deﬁnite
(respectively, positive deﬁnite). The superscript ‘T ’ denotes matrix transposition. More-
over, in symmetric blockmatrices, ‘∗’ is used as an ellipsis for the terms that are introduced
by asymmetry and diag{· · · } denotes a block-diagonal matrix. Let τ >  and C([–τ , ],Rn)
denote the family of continuous functions φ, from [–τ , ] toRn. (,F , {Ft},P) is a complete
probability space with a ﬁltration, {Ft}t≥ satisfying the usual conditions. E{·} represents
the mathematical expectation. λmax(·) means the largest eigenvalue of a matrix. If not ex-
plicitly stated the matrices are assumed to have compatible dimensions.
2 System description and preliminary lemma
Let {r(t)(t ≥ )} be a right-continuous Markovian chain on the probability space (,F ,
{Ft}t≥,P) taking values in the ﬁnite space S = {, , . . . ,m} with generator  = {πij}m×m
(i, j ∈ S) given by
Pr(rt+t = j|rt = i) =
{
πijt + o(t), i = j,
 + πijt + o(t), i = j,
()
where t > , limt→(ot/t) = , and πij is the transition rate from mode i to mode j
satisfying πij ≥  for i = j with πij = –∑mj=j =i πij (i, j ∈ S).
Considering the following Markovian jumping complex networks with mixed mode-













































where xk(t) = (xk(t),xk(t), . . . ,xkn(t))T ∈ Rn denotes the state vector of the ith node,
D(r(t)) = diag{d,r(t),d,r(t), . . . ,dn,r(t)} > ; A(r(t)), B(r(t)), and C(r(t)) ∈ Rn×n, are, respec-
tively, the connection weightmatrix, the discretely delayed connection weightmatrix, and
the distributively delayed connection weight matrix; 	(r(t)) is an inner-coupling matrix;
c >  represents the coupling strength; the bounded functions τ(t) and τ(t) represent
Ma and Ma Advances in Diﬀerence Equations  (2016) 2016:242 Page 4 of 18
the unknown discrete-time delay and the distributed delay of system with  ≤ τ(t) ≤ τ,
 ≤ τ(t) ≤ τ,  ≤ τ˙(t) ≤ d, and  ≤ τ˙(t) ≤ d. τ, τ, d and d are positive constants.
G = (Gij)N×N denotes the coupling conﬁguration matrix, if there is a connection between
node i and node j, thenGkj =Gjk= =  (i = j), otherwise Gkj =Gjk =  (k = j). The row sums
of G are zero, i.e.
∑N
k =j Gkj = –Gkk , k = , , . . . ,N .
Correspondingly, the response complex networks with the control inputs uk(t) ∈ Rn












































where uk(t) is given as
uk =
{
–cσk	(yk – xk), k = , , . . . , l,
, k = l + , l + , . . . ,N .
()
For simplicity, we denote D(r(t)) =Di, A(r(t)) = Ai, B(r(t)) = Bi, C(r(t)) = Ci, 	(r(t)) = 	i.
Let the error be ek(t) = yk(t) – xk(t), we can arrive the error dynamical networks:












































































IN ⊗ (Di + cσk	)
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The purpose of this paper is to design a series of pinning controllers () to ensure the
asymptotical synchronization of complex dynamical networks (). Before proceedingwith
the main results, we present the following deﬁnitions, lemmas, and assumptions.
Deﬁnition . [] Complex dynamical networks () are said to be asymptotically syn-
chronized by pinning control, if limt→ ‖xk(t) – yk(t)‖ = , k = , , . . . ,N .
Lemma . (Jensen’s inequality) For a positive matrix M, scalar hU > hL >  such that the
following integrations are well deﬁned, we have:
(i) –(hU – hL)
∫ t–hL
t–hU x



















Lemma . [] If for any constant matrix R ∈Rn×n, R = RT > , scalar γ > , and vector














φ(t – γ )
)
.
Lemma . [] Let f (·) be a non-negative function deﬁned on [, +∞], if f (·) is Lebesgue
integrable and uniformly continuous on [, +∞], then limt→∞ f (t) = .
Lemma . [] For a given symmetric positive deﬁnite matrix R >  any function and
diﬀerentiable signal ω in [a,b] → Rn and any twice diﬀerential function [a,b] → R, then





b – a +
νT (a,b)Rν(a,b)
b – a ,





Assumption . The nonlinear function f :Rn →Rn satisﬁes
[
f (x) – f (y) –U(x – y)
]T[f (x) – f (y) –V (x – y)] ≤ , ∀x, y ∈Rn,
where U and V ∈ Rn are constant matrices with V – U > . For presentation simplicity
and without loss of generality, it is assumed that f () = .
Remark  In Assumption ., the sector-bounded description of the nonlinear term is
quite general, which includes the common Lipschitz and norm-bounded conditions as
special cases. It is possible to reduce the conservation of the main results caused by quan-
tifying nonlinear functions via the well-known convex optimization technique. The same
lemma, Lemma ., will play a key role in the derivation of a less conservation delay-
dependent condition than the general Jensen inequality in [].
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3 Main results
Theorem . The error dynamical network () is asymptotically stable with mixed time-
varying delays τ(t) and τ(t), constant matrices Pi > , Rkl > ,Nkl >  (l = , , , ),Wkb >

















      
∗         
∗ ∗        
∗ ∗ ∗       
∗ ∗ ∗ ∗ –( – d)Rk     
∗ ∗ ∗ ∗ ∗     
∗ ∗ ∗ ∗ ∗ ∗ Rk – Rk   
∗ ∗ ∗ ∗ ∗ ∗ ∗ Rk – Rk  
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗  














IN ⊗ (Di + cσk	)

















IN ⊗ (Di + cσk	)













IN ⊗ (Di + cσk	)
)TKk(G⊗ 	i),




IN ⊗ (Di + cσk	)
)TKk(IN ⊗Ai),





























 = –( – d)Rk,












Kk   
      Nkτ
Nk
τ   
          
          
          
          
          
          
          








IN ⊗ (Di + cσk	)
)TKk(IN ⊗ Bi),





































          
∗ Rk – Rk         
∗ ∗ Rk – Rk        
∗ ∗ ∗        
∗ ∗ ∗ ∗       
∗ ∗ ∗ ∗ ∗      
∗ ∗ ∗ ∗ ∗ ∗     
∗ ∗ ∗ ∗ ∗ ∗ ∗    
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗   
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ –Wk 




 = Rk + Rk – λI,




































 =Wk +Wk + τ  Mk + τ Mk + τNk + τNk + τ  Nk + τ Nk –
τ 
 Kk.
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e˙T (s)Kke˙(s)dsdρ dθ .
Let L be the weak inﬁnitesimal generator of the random process:




[E[V (e(t +), rt = i, t +)]|e(t), rt = i] –V (e(t), i, t).
Then for each i ∈ S along the trajectory of (),




















































= ηT (t)(Rk + Rk)η(t) + ηT (t – τ)(Rk – Rk)η(t – τ)
+ ηT (t – τ)(Rk – Rk)η(t – τ) + e˙T (t)(Wk +Wk)e˙(t)




















τ  Mk + τ Mk
)







ξT (s)Mkξ (s)ds, ()




































































e˙T (s)Kke˙(s)dsdθ . ()



















































t – e(t – τ)
))TNk(e(t) – e(t – τ))
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t – e(t – τ)
))TNk(e(t) – e(t – τ))
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(IN ⊗U)T (IN ⊗V)
 +
(IN ⊗V)T (IN ⊗U)
 ,
V¯ = –
(IN ⊗U)T + (IN ⊗V)T
 ,
U¯ =
(IN ⊗U)T (IN ⊗V)
 +
(IN ⊗V)T (IN ⊗U)
 ,
V¯ = –
(IN ⊗U)T + (IN ⊗V)T
 .
Substituting ()-() into () yields




























+ ηT (t)(Rk + Rk)η(t)
+ ηT (t – τ)(Rk – Rk)η(t – τ) + ηT (t – τ)(Rk – Rk)η(t – τ)
+ e˙T (t)(Wk +Wk)e˙(t) – e˙T (t – τ)Wke˙(t – τ)































































t – e(t – τ)





t – e(t – τ)
))TNk(e(t) – e(t – τ))
+
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×Nk

























































e˙(s)dsdθ – y(t) – y(t). ()
Then from () we can obtain







































































e(s)dse˙(t)e˙(t – τ)e˙(t – τ)
]T
.
Deﬁning λ∗ = max(λ((t))), it follows from () and combining with () that
LV (e(t), i, t) ≤ λ∗∥∥ζ (t)∥∥ ≤ λ∗∥∥e(t)∥∥. ()
By integrating the inequality in () between  and t and taking the expectation, one
can readily obtain
EV (e(t), i, t) = EV () + E ∫ t

LV (e(t), i, t)ds≤ EV () + λ∗E ∫ t

∥∥e(t)∥∥ ds. ()
Notice that λ∗ <  and V (e(t), i, t) > , we can infer that
∫ t
 ‖e(s)‖ ds is convergent when
t → ∞. Then we have E ∫ +∞ ‖e(s)‖ ds≤ –EV ()λ∗ .




Basing on Deﬁnition ., the complex networks dynamical networks () are asymptoti-
cally synchronized via the pinning controller. The proof is completed. 
Remark  The main purpose of this paper is to design suitable pinning controller, for
which one can be sure that the complex dynamic networks is asymptotically stable. The
constant σk in the controller can be chosen suitably to adapt the synchronization criterion
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and the identiﬁcation speed. And we can ensure that the inequalities () are just only the
suﬃcient conditions but not the necessary ones.
4 Example
In this section, a numerical example is provided to demonstrate that the proposedmethod
in this paper is eﬀective.
Example  For the sake of simpliﬁcation, we consider the following -nodes error com-






















































σ = , σ = , σ = –, c = , c = .









The time-varying delay is chosen τ(t) = .+. sin t, τ(t) = .+. sin t. Accordingly,
we have λ = , λ = , d = ., d = .. The nonlinear functions f (·), g(·), and h(·) are
taken as f(x) = f(x) = g(x) = g(x) = h(x) = h(x) =  (|x + | – |x – |). It can easily be






























By using Matlab, the LMI () can be solved and a feasible solution is obtained. In order




. –. . –. . –.
–. . –. . –. .
. –. . –. . –.
–. . –. . –. .
. –. . –. . –.








. –. . –. . –.
–. . –. . –. .
. –. . –. . –.
–. . –. . –. .
. –. . –. . –.







. –. –. . –. .
–. . . –. . –.
–. . . –. –. .
. –. –. . . –.
–. . –. . . –.







. –. –. . –. .
–. . . –. . –.
–. . . –. –. .
. –. –. . . –.
–. . –. . . –.







. . . . . –.
. . . . –. .
. . . . . –.
. . . . –. .
. –. . –. . .







. –. . . . .
–. . . . . .
. . . –. . .
. . –. . . .
. . . . . .







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.








. –. . –. . –.
–. . –. . –. .
. –. . –. . –.
–. . –. . –. .
. –. . –. . –.







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.







. –. . –. . –.
–. . –. . –. .
. –. . –. . –.
–. . –. . –. .
. –. . –. . –.







. –. –. –. –. –.
–. . –. –. –. –.
–. –. . –. –. –.
–. –. –. . –. –.
–. –. –. –. . –.







. . –. . –. .
. . . –. . –.
–. . . . –. .
. –. . . . –.
–. . –. . . .








. . . . . .
. . . . . .
. . . . . .
. . . . . .
. . . . . .




By Theorem ., the Markovian jumping complex networks with varying delays achieve
synchronization through the pinning controller u(t), with the above mentioned parame-
Figure 1 The error state response of e1i(t)
(i = 1,2) with out control u(t).
Figure 2 The error state response of e2i(t)
(i = 1,2) with out control u(t).
Figure 3 The error state response of e3i(t)
(i = 1,2) with out control u(t).
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Figure 4 The error state response of e1i(t)
(i = 1,2) with control u(t).
Figure 5 The error state response of e2i(t)
(i = 1,2) with control u(t).
Figure 6 The error state response of e3i(t)
(i = 1,2) with control u(t).
Figure 7 Modes.
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ters. The numerical simulations are presented in Figures -. We pay attention in Figure 
to Figure  to see that the error dynamical system () is non-synchronous without the
pinning controller u(t). As a comparison, it can been seen in Figures - that the synchro-
nization errors can ﬁrst converge asymptotically to zero with the pinning control u(t). In
accordance with the transition probability matrix in (), a possible time sequence of the
mode jumps is illustrated in Figure .
5 Conclusion
In this paper, we have developed an approach to solve the problem of synchronization for
a class of complex dynamical networks with mixed mode-dependent delays. By building
properly Lyapunov-Krasovskii functions involving triple integral terms and using integral
inequalities, new synchronization criteria have been obtained, which guaranteed the syn-
chronization of complex dynamical networks. The result is expressed in terms of LMIs.
Finally, a numerical example is provided to illustrate the eﬀectiveness of the proposed
methods.
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